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Higher-order approximations

Polynomial p is a k-order approximation of a smooth f: D - R € CF
iff f(c) = p(c) for the center point ¢ of D and for each 0 < m < k:
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SETNTIES

Several higher-order approximations of f(x) = e* with z € [—1,1]

f(x)
3

f(z) =e”
2

p(z) =1

0-order approximation
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SETNTIES

Several higher-order approximations of f(x) = e* with z € [—1,1]
f(=)
3

fla) = e®

p(zr) =1+=

1-order approximation
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SETNTIES

Several higher-order approximations of f(x) = e* with z € [—1,1]

f(=)
3
F@) = e®
2
p(z) =1+ a+ %5
2

2-order approximation
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Taylor models

m Taylor model: a pair (p, ) over an interval domain D

m It defines the set
{x=px)+ylxoeDAycl}

m Taylor model arithmetic: Closed under many basic operations

[Berz et al., 1999]
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Higher-order over-approximations by Taylor models

/ f(z) =e”

p(x) + [—1.8,1.8]

p(z) =1

-1

0-order over-approximation
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Higher-order over-approximations by Taylor models

f(=)
3
/ fx) =e"
> p(z) =1+=

p(z) +[-0.8,0.8]

-1

1-order over-approximation
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Higher-order over-approximations by Taylor models

f(@)

J F@) = e
2
p@)=1++ 2

p(z) + [—0.3,0.3]

-1 -0.5 0 0.5 1

2-order over-approximation
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Verified integration by Taylor models

Given:
= ODE: %)t( = f(x,t)

m Initial set: Taylor model X over domain Dy

[Berz et al., 1999]
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Verified integration by Taylor models

Given:
= ODE: %)t( = f(x,t)
m Initial set: Taylor model X over domain Dy

Integration step for time [0, d]:

[Berz et al., 1999]
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Verified integration by Taylor models

Given:
= ODE: ‘Zl—’t‘ = f(x,t)
m Initial set: Taylor model X over domain Dy
Integration step for time [0, d]:
Compute a k-order approximation py(x,t) over Xg x [0, d]

Determine remainder Ij such that (px(xo,t), I) over Xy x [0, ]
over-approximates the flow pipe segment

Initial set for the next flowpipe segment: (pg(xo,9), I;.) over Xy

[Berz et al., 1999]
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Continuous systems:

Van-der-Pol oscillator Brusselator Rdssler attractor

Abraham - Hybrid Systems 7/ 17



Continuous systems:

1 /
2 MK
T I T A P

Van-der-Pol oscillator Brusselator Rdssler attractor

How can we apply Taylor models to hybrid systems?
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Taylor model flowpipe construction for hybrid systems

m Time evolution:

m Verified integration using Taylor models
m Compute flowpipe/invariant intersections

m For a discrete transition:

m Compute flowpipe/guard intersections
m Compute the image of the reset mapping
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Over-approximate an intersection

We use three techniques in combination to over-approximate the
intersection (p, 1) N G:

Domain contraction
Range over-approximation
Template method
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1. Domain contraction

Intersection of a Taylor model (p, I) over domain D x T and a guard G-

x=p(xp,t)+y Nyel N xpe DANteT A G(x)

Taylor model domain guard predicate

Taylor model
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1. Domain contraction

Intersection of a Taylor model (p, I) over domain D x T and a guard G-

x=p(xp,t)+y Nyel N xpe DANteT A G(x)

Taylor model domain guard predicate

Taylor model

Domain contaction:
Split the domain in one dimension into two halves
Contract dimensions using interval constraint propagation

Drop empty (unsatisfiable) domain halves
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1. Domain contraction: Example

guard guard

new TM

,,,,,
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1. Domain contraction: Example
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2. Range over-approximation

Over-approximate (p, ) by a set S which can be a
m support function
Conservative over-approximation of a polynomial
m zonotope
Zonotopes are order 1 Taylor models and vise versa

Over-approximate S N G by a Taylor model

[Sankaranarayanan et el., 2008], [Le Guernic et al., 2009]
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3. Template method

Goal: Find a Taylor model (p*,0) over domain
Du = [glaul] X [62711/2] XX [én,un]

containing the intersection (p, ) NG

[Sankaranarayanan et al., 2008], [Gulwani, 2008]
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3. Template method

Goal: Find a Taylor model (p*,0) over domain
Du = [glaul] X [62711/2] XX [én,un]

containing the intersection (p, ) NG

Tasks:
m Fix p*

m Compute proper parameters (1, ..., 0, U1, ..., Uy

[Sankaranarayanan et al., 2008], [Gulwani, 2008]
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3. Template method

Goal: Find a Taylor model (p*,0) over domain
Du = [glaul] X [62711/2] XX [én,un]

containing the intersection (p, ) NG

Tasks:
m Fix p*

m Compute proper parameters (1, ..., 0, U1, ..., Uy

Vx.(x=ply) +zANyeDArzeclAxe€q)
— Ixp.(x = p*(x0) Axg € Dy))

[Sankaranarayanan et al., 2008], [Gulwani, 2008]
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Example: Glycemic control in diabetic patients

G plasma glucose concentration above the basal value Gp
I  plasma insulin concentration above the basal value Ip
X insulin concentration in an interstitial chamber

L = —pG-X(G+Gp)+g(t)
L = —poX +psl
& = —n(+D)+ i)

g(t) infusion of glucose into the bloodstream
i(t) infusion of insulin into the bloodstream

?—tg t <30
g(t) = 0L ¢ € [30,120]
0 t>120

2600
i(t):{ 1+ G(t) <6

2 G(t)>6
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Glycemic Control in Diabetic Patients

Order of the Taylor models: 9 Time step: 0.02  Time horizon: [0,360]
Total time: 1804 s  Time of intersection: 443 s Memory: 410 MB
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Fetch the tool

http://systems.cs.colorado.edu/research/cyberphysical/taylormodels/

Flow*: Taylor Model-Based Analyzer for Constructing Flowpipes for Continuous
Hybrid Systems and Hybrid Systems: Case-Studies.
What is Flow*? . 3 Introduction
systems The hybrid ing results on the
ool Flow*. Flow* tool and a basis of

. i i i comparison with other tooks.

+ mote o ponds et » "

+ i e by ool mbgia. .
‘What are flowpipes? CPU:  Intel Core I7-860 Processor (2.80 GHz)

i ipes. Flere, i Memory: 4096 MB.
tates i 3 time interval (or siep). System:  Ubuntu 1204 LTS
P:LT:I?’L“ models? ot The e Continuous-Time Case Studies
o  comtinsons e ca b gy econd by oo models Wih prper el b i, v (&) Brusselator
How to use Flow*? The dynamics of a Brasselator are given by
At b fomd b,
i A+l oy=-DBoa—u
Souree e [itles il
code P - o
wherein A=1and B=15 in our We let Flow* eom| the Taylor model flowpipes for the time hortzon

Some case studies on Flow” is available now. fnk [n,xa].;:Mdmimemlﬁ:;xln[n.u,l]lndp:ll:[n,o.l],Mnﬂfwmﬁhmg@mh
Publications the flowpipes shown In the figure below. (model ffle)
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