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Temporal logics

Assume
m a labeled state transition system LST S = (X, Lab, Edge, Init),
m a set of atomic propositions AP, and

m a labeling function L : ¥ — 247,
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Temporal logics

Assume
m a labeled state transition system LST S = (X, Lab, Edge, Init),
m a set of atomic propositions AP, and

m a labeling function L : ¥ — 247,

How can we describe properties of this system?

m We need a well-suited logic.
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Propositional logic

m Abstract syntax:
p o= al(ene) | (~e) | ¥4 [3 ¢
with a € AP.
m Syntactic sugar: true, false, vV, —, <, . ..
m Omit parentheses when no confusion

m Semantics:

ocEa iff a€L(o),
o= (p1 Np2) iff o =1 and o = 2,
o E (—p) iff o W .

Abraham - Hybrid Systems 3/25



Computation tree
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Computation tree
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Temporal logics

In the computation tree we can describe
m a given path starting in a state (path formulas, “linear” properties) and

m quantified (universal/existential) properties over all paths starting in a
given state (state formulas, “branching” properties).

CTL*

LTL
(linear temporal logic)

CTL
(computation tree logic)

Abraham - Hybrid Systems 5/ 25



Examples for path formulas
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Examples for state formulas

proposition a :

Pu«x : (("

exists E P :

0% o
qP
qP

forall A ¢F:
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CTL* state formulae:

= el WA | (0 | (Be)
with a € AP and ¢ are CTL* path formulae.

CTL* path formulae:

¢ n= T (P AR | (2@P) [ (XP) | (P U @) | 3‘(’"

where ¢)® are CTL* state formulae. | ¢F
fa) (6] 6 Fao Ty e S
_3@3@ wt%& (YA aU (bua) c)a

) & ”CXKJ((’r (6) Aé+b (4)A65+L

(l)/\ Tla = TEth “’)/\C)b—ﬂf&
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CTL* state formulae:

= el WA | (0 | (Be)
with a € AP and ¢ are CTL* path formulae.

CTL* path formulae:
@F u= T (PP ARP) | (2P) [ (XP) | (0P U ©F)
where 1 are CTL* state formulae.

CTL* formulae are CTL* state formulae.
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CTL* state formulae:
0= el @A) | (0 | (Bg?)
with a € AP and ¢ are CTL* path formulae.
CTL* path formulae:
of = T [ (PP AP | (2P) [ (XeP) [ (P U @)
where 1 are CTL* state formulae.
CTL* formulae are CTL* state formulae.  LSTS | ¢ i“ LSTS, s, & ‘fs

We often omit parentheses. Syntactic sugar:
A (“for all"), F (“finally” or “eventually”), G (“globally” or “always"),
R (“releases”)
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CTL* semantics

Forapathm =09 — 01 — ...
let 7(7) denote o;, and
let w* denote o; — 041 — .. ..

LTo = a iff a€ L(o)
a0 EUIAGS I o and o = 3
oE —* iff o = y*
o = Ey? iff 7= P forsomenm =09 — 01 — ... withog =0

RE i A0) e

TEANG Iff T and T = b

= P iff e P

T E XP iff =P

Tl U oL iff exists 0 < j with n/ = b and
m = ol forall 0 <i < j.

LSTS = % iff og = ¢* for all initial states oy of LSTS.
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Computation tree

{a} {b}
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Computation tree
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The relation of LTL, CTL, and CTL*

EqF Aau (Eu)CT'—*

LTL
(linear temporal logic)

CTL
(computation tree logic)

/ . [
A (xjuea) Q (xlu) ® (XJul - -
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Linear Temporal Logic (LTL) is suited to argue about single (linear) paths
in the computation tree.

m Abstract syntax:

P = a | (PP APP) [ (mpP) | (XP) | (9P U ¢P)

where a € AP.
m Syntactic sugar: F (“finally” or “eventually”), G (“globally”), etc.

m We often omit pa}’entheses when no confusion)

To = 4w Ua n 2 1@6«))
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:L Yoa A a
Remember: Forapathm =09 <01 — ... | / / / / j«Z>
let w(¢) denote o, and N
let 7* denote 0; — gij11 — .. .. e
rka iff a € L(x(0)), () GTa

Tl Ng, Iff mi= ) and T = o,

T = P iff =P,

T = XpP iff 7l = P,

TEG UG iff >0 Eeh AV0<i<jmtE ol

LSTS | o iff m |= ¢P for all paths 7 of LSTS.
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Computation tree

{a} {b}
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Computation tree
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CTL state formulae:
P n=a | (0T AYT) | (=9°) | (EgP) | (AgP)
with a € AP and P are CTL path formulae.
CTL path formulae:
G o= XY | T U
where 1% are CTL state formulae.

CTL formulae are CTL state formulae.

We omit parentheses when causing no confusion.
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okEa iff a€ L(o)

o =i A iff o=y and o =5

o E —* iff o = Y*

o = EgP itf m = P for somen =09 — 01— ... withog =0
o= AP iff wl=¢P forallm=09— 01— ... withoyg=0

= Xy* iff 7(1) E¢°
=] U s iff exists 0 < j with 7(j) = 5 and
(i) Ef forall 0 <i < j.

LSTS = ¢* iff og =1 for all initial states g of LSTS.
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Computation tree

{a} {b}

Abraham - Hybrid Systems 17 / 25



Computation tree
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The relation of LTL, CTL, and CTL*

CTL*

m The LTL formula FGa is not expressible in CTL.
m The CTL formula AFAGa is not expressible in LTL.

Abraham - Hybrid Systems 18 / 25



stap = € XX G ur
by =1E xxcdw
s >3
¢ »F (1)
fneo | G ¢ - (75 % w)
Cxrzxn) || Gri=2 D
i“lu X=3 v 2




T U LU P AN

® wort | (S
ou‘,&_’/&d

A
) A
-@@:’ (“@ ‘ Oz o ene) 14| exv |Equc
R | AXY [A¢ug
it"ls\ “’Hz\
2) 1w a1 e AL
")k §) EX W 3) EF (154 EfUs)
1y s A
3y has )egus = 1°) Cgls
T M) AT qg = A e U s
)1 (kas) HAKNw

P—
p——y
———

3 YA 1w Uk ll) AS’(M

CERN N









!

5020 02 X
0o 01 LO /\\‘
Ll ®

gfnu:) Vehon ’bl‘t‘lM ( B'bb>







o-—>06

+
A
o

a
- EF,

)(XX)\Xc\
V



CTL model checking

Given a state transition system and a CTL formula °, CTL model checking
labels the states recursively with the sub-formulae of ° inside-out.

m The labeling with atomic propositions a € AP is given by a labeling
function.

m Given the labelings for ©)§ and 13, we label a state with )§ A 95 iff the
state is labeled with both ] and 3.

m Given the labeling for ¢*, we label a state with —¢® iff the state is not
labeled with %,
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CTL model checking

m Given the labeling for 1%, we label a state with EX'¢)® iff there is a
successor state labeled with )%,
m Given the labeling for ¢)§ and 5, we
m label all with ¢35 labeled states additionally with Eq; U/ ¢35, and
m label all states that have the label ¥)§ and have a successor state with
the label Ev§ U 5 also with Eu5 U 1§ iteratively until a fixed point
is reached.
m Given the labeling for 1%, we label a state with A X'¢)* iff all successor
states are labeled with v)°.
m Given the labeling for ¢)§ and 3, we
m label all with 5 labeled states additionally with A7 U )5, and
m label all states that have the label 1§ and all of their successor states
have the label Ay§ U 5 also with A5 U 15 iteratively until a fixed
point is reached.
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Discrete-time LTL
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Discrete-time CTL

EXHF)® =
e iflk =0
EXEXF 1y else.
Eyj ylfhel g =
E U 3 for [k1, ks) = [0, oc]
V3 for k1, k2] = [0,0]

Y5 ANEXE(y; Uk —1k=1] s) for k1 > 0
Y5V (V5 AEXE(; UO*2=1 5))  forky = 0,ky >0
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Syntactic sugar

We also write
m U=F instead of U0
m UZF for Ykl
m U=F for UFH and
m U for Y0,
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The discrete-time LTL formula a U[23] b is defined as
aNX(aNX(DV(aAXD))).

It is satisfied by paths of the following form:

{a} {a} {b}

@ © @ @ ©
{a} {a} {a} {b}
@ © @ @ ©
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Discrete-time model checking

As the discrete-time temporal operators are defined as syntactic sugar, LTL

model checking can be applied to check the validity of discrete-time LTL
formulae for state transition systems.
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