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Rectangular Automata - Definition

Definition Rectangular Automata

HR = (Loc ,Var , Lab ,Flow , Inv ,Edge , Init)

Loc - a finite set of locations.

Var - a vector of variables Var = (x0, . . . , xd−1)

Lab - a finite set of labels.

Flow : Loc → PredR
Var∪ ˙Var

- specifies the continuous evolution.

Inv : Loc → PredR
Var - specifies the Invariant for each location.

Edge ⊆ Loc × Lab × PredR
Var × PredR

Var ,Var ′ × Loc - defines the
transitions or jumps ((l , a, g , r , l ′) ∈ Edge).

Init : Loc → PredR
Var - defines the initial states.

Sinan David Lindemann Star Set For Stochastic Reachability 02.02.2026 3 / 30



Hybrid Automata - Operational Semantics Flow

Rule For The Flow

l ∈ Loc v , v ′ ∈ Rd f : [0, τ ] → Rd

∂f /∂t = ḟ : (0, τ) → Rd f (0) = v f (τ) = v ′

∀ϵ ∈ (0, τ).f (ϵ), ḟ (ϵ) |= Flow(l)

∀ϵ ∈ [0, τ ].f (ϵ) |= Inv(l)

(l , v)
τ−→ (l , v ′)
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Hybrid Automata - Operational Semantics Jump

Rule For The Jump

e = (l , a, g , r , l ′) ∈ Edge l , l ′ ∈ Loc v , v ′ ∈ Rd

v |= g v , v ′ |= r v ′ |= Inv(l ′)

(l , v)
e−→ (l ′, v ′)
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Hybrid Automata - Path

Definition Path

A path π of H is a sequence of states of H that are connected through
alternating flow and jump steps:

π = σ0
τ0−→ σ1

e1−→ σ2
τ2−→ σ3

e3−→ . . .

with σi = (li , vi ) ∈ Loc × Rd being states of H, τi ∈ R ≥ 0, ei ∈ Edge,
and v0 |= Inv(l0). A path is initial if additionally v0 |= Init(l0).
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Hybrid Automata - Example

waiting

ẇ = 0
ṫ = 1

flushing

ẇ = −2
ṫ = 1
w ≥ 0

filling

ẇ = 0.5
ṫ = 1
w ≤ 7

w ∈ [5, 7], t = 0

flush:
w ≥ 2

flush:
w ≥ 2

empty:
w = 0

full:
w ≥ 7
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ẇ = 0
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ẇ = −2
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Hybrid Automata - Stochastic Hybrid Automata

Definition Stochastic Hybrid Automata

HS = (HR, VarR , FlowR , EdgeR , DistrR)

VarR - a finite set VarR = {r1, . . . , rd} of random clocks.

FlowR : Loc → {0, 1}VarR - specifies the flow of the random clocks.

EdgeR ⊆ Loc × VarR × Loc - defines the stochastic jumps
e = (l , r , l ′).

DistrR : VarR → Fc - assigns a continuous probability distribution to
each random clock r .

Sinan David Lindemann Star Set For Stochastic Reachability 02.02.2026 8 / 30



Hybrid Automata - Stochastic Hybrid Automata Example

l0

ẋ = 1
ẏ ∈ [0, 1

3 ]
˙r = 1

x ≤ 4

x = 1, y = [1, 3], r = 0

l1

ẋ = 1
ẏ = 1
y ≤ 7

l3

ẏ = 1

l4

ẋ = 1

l2

ẋ = 1
ẏ = 0.5

x = 4

r

y ≥ 5

x ≥ 2
y ≥ 10

XBad = {li , x ∈ [8, 10], y ∈ [8, 11]}
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Reachability

x

y

X0
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Reachability

x

y

X0

XBad
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Flowpipe Construction

x

y

X0

Xδ
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Flowpipe Construction

x

y

Ω0
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State Set Representation - VPolytopes

x

y

(1, 0.5)
(2, 0.5)

(1.5, 2)

(0.5, 1.5)

(0.3, 0.7)
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State Set Representation - HPolytopes
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State Set Representation - Star Set

x

y
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State Set Representation - Star Set Restriction

P = {α ∈ Rm|Cα ≤ d} with d ∈ Rp and C ∈ Rp×m for p,m ∈ N
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State Set Representation - Star Set
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HyPro
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RealySt
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Implementation - RealySt

Templating in the integration task

Templating for stochastic reach tree nodes
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Implementation - HyPro

Inconsistencies resolved

Missing methods added

Serialisation added

Missing constructors added

Missing conversions added

Contains method changed

Sinan David Lindemann Star Set For Stochastic Reachability 02.02.2026 20 / 30



Benchmarks - Simple Running Example

Total Computation Time HyPro HPolytope HyPro VPolytope HyPro Starset

RealySt HPolytope
Average: ≈ 0.35s
Median: ≈ 0.23s

Average: ≈ 0.60s
Median: ≈ 0.30s

Average: ≈ 0.32s
Median: ≈ 0.35s

RealySt VPolytope
Average: ≈ 20.96s
Median: ≈ 18.73s

Average: ≈ 14.07s
Median: ≈ 14.99s

Average: ≈ 15.77s
Median: ≈ 15.04s

RealySt Starset
Average: ≈ 46.90s
Median: ≈ 48.29s

Average: ≈ 55.74s
Median: ≈ 63.55s

Average: ≈ 47.61s
Median: ≈ 48.74s
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Benchmarks - Simple Running Example
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Benchmarks - Simple Running Example
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Benchmarks - Car Running Example
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Benchmarks - Car Running Example
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Benchmarks - Car Running Example
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Future Work

1 Improve conversions

2 Improve contains method

3 Further benchmarking for error insight

4 Further tracing

5 Exploring different state set representation
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