4y Dvseve g >
2 Tl atro tuata Assies
L et e o T
Discyelo _ " S Assew

beadd

JTrtstFM s ver
v

L ne

TC wedl antouwole —_ AnS ey
‘f) oL L e ar (UULW‘( aKXouats L K L et
- Oovun
x = C Ka_e/\a.ﬂa\‘(’»"'ﬁ

—

\T"’() C Vous w .S bw‘&v‘)\ouw\q\-&






B o tnstod
el
H b watlen of &wasr Ml & aHiwke

0 T W VUV A RV

Wiy o LHAT il b anedis

—

3'%4, L 3> . FE |
CA A S A C l
I =
M\&La/‘
ea L
a~~t . Solualts

Cowi bt
LYy



)eta .a%mmx\ova’;r

K —(L — QU

3e = (L, ‘L'o?f""'t
viEg VY #jwa)“ve)v [y

(¢,v)

p—

T LA forwaR~ OV Vas

e,ua 'm,e)eéi%v\ e
\> (e

VerVU Var

2 Xay-n V—\g Uo_r

C (IB PCRA forunla OV Uas 3[— V&r] =




T 6‘\»‘5 e XL = L A 2 .

W&&L > Qa l,
Fx . > < _ a =
> < " c,a«."mc,(«‘\ (
T é > - - G D X= N X = « N
b o=P 4 2

v Yo | G R rT v s

L < 2 g &
qfdc (€




Modeling and Analysis of Hybrid Systems

Linear hybrid automata |

Prof. Dr. Erika Abraham

Informatik 2 - LuFG Theory of Hybrid Systems
RWTH Aachen University

Szeged, Hungary, 27 September - 06 October 2017

Abraham - Hybrid Systems 1/31



Alur et al.: The algorithmic analysis of hybrid systems

Theoretical Computer Science, 138(1):3-34, 1995

Abraham - Hybrid Systems 2 /31



Linear terms, constraints and formulas

m A linear term e over a set Var of variables is of the form
ex=clc-xz|e+te

where z € Var is a variable and ¢ stays for an integer (rational)
constant.

Example: 1 + 2z + b3 is a linear term over Var = {z1, x2, x3}.

m A linear constraint ¢ over Var is an (in)equality
ti=e~0

with ~€ {>,>,=,< <} and e a linear term over Var.

Example: 1 + 222 + (—2) > 0 is a linear constraint over
Var = {x1,22}. We sometimes deviate from this normal form and
write, e.g., 1 + 2x9 > 2.
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Linear terms, constraints and formulas

m A conjunctive linear formula ¢ over Var is defined by the following

grammar:
pu=t|pAe| Iz @

with ¢ a linear constraint over Var and = € Var a variable. Let ®x be
the set of all conjunctive linear formulas with free (non-quantified)
variables from X C Var.
Example: 3t. 1. 21 > 0Ax) = 21 +2t At > 0 is a conjunctive linear
formula over {z1,2),t}, with free (non-quantified) variables {2} }.

Abraham - Hybrid Systems 4 /31



m A region over Var is a pair R = (I, ) € Loc x ®yy, of a location and
a conjunctive linear formula with free variables from Var.
Example: (I,3t. 1. 21 > 0Nz} =21 +2t At > 0) is a region over
{21}

m The intersection of two regions R' = (1, 1) and R? = (I2, 2) from
Loc x ®yy, is defined as R'NR% =0 if Iy # 5 and

R'OR? = (I, 1 A p2)

otherwise.

m The intersection of two sets of regions P!, P2 C Loc x ®yy,, is
defined as

PP ={(l,p1 Ap2) | (I,1) € P (L, p2) € P} .

m We define other operations on regions like union etc. similarly, and
extend them to sets of regions the natural way.

Abraham - Hybrid Systems 5 /31
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Substitution

m Assume a set Var of variables, a linear formula ¢ € ® vy, over Var, a
variable z € Var, and a linear term e over Var. The substitution
wle/x| replaces each free occurrence of x in ¢ by e.

Example: (x +2y <0)[5/y]=x+2-5<0
Example: (Jy. z+2y <0)[5/y] =2 +2y <0

m We write plei,...,en/x1,. .., 2y, for the simultaneous substitution of
e, forxz;,, 1 =1,...,n.

m For Var = {z1,...,x,} we will also use a primed variable set
Var' = {x},...,2z),} and write short ¢[Var'/ Var]| for
ol ... xl [z, ... ).
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Linear terms, constraints and formulas

The semantics of linear terms, constraints and formulas over

Var = {x1,...,z,} in the context of a valuation v € Vy,, (i.e.,

v : Var — R) is as usual (we use the same notation for the syntax and the
semantics of constants and operators):

v(c) = ¢

v(c-x) = c-v(x)

vieg+e) = viep)+rv(e)

v(e ~0) = v(e)~0

vigi Np2) = v(p1) and v(p2)

v(xz. ) = existsv € R such that v(p[v/x]) holds

Abraham - Hybrid Systems 7 /31



Linear terms, constraints and formulas

The solution set Sat(y) of a linear formula ¢ over Var is the set of all
valuations v € Vyy,, that make ¢ true:

Sat(tp) = {V € Vvar | 14 ’: 90}

The solution set Sat(R) of a region R = (I, ) € Loc x ®y,, over Loc and
Var is

Sat((l,¢)) ={(l,v) € Loc X Vyar | v € Sat(p)}
The solution set Sat(P) of a set of regions P over Loc and Var is
Sat(P) = UgepSat(R) .
Two region sets P, P, C Loc X ®yy,, are equivalent, written P;=P, iff
Sat(P)) = Sat(Py) . 1 <>
We define similarly the inclusion P, C P iff ,
'

Sat(Py) C Sat(Ps) . W<

Abraham - Hybrid Systems 8 /31



Linear hybrid automata |

A linear hybrid automatonEa hybrid automaton
H = (Loc, Var, Lab, Edge, Act, Inv, Init) which can be represented by a tuple

H = (Loc, Var, Lab,Edge, Act, Inv, Init) satisfying the following:
_ X olal _
m The finite set Edge C Loc X{DVW X D varuvar X Loc defines the set of

edges Edge = {(l,a, pe,!') | e = (I, a,Guard,, Reset,,!’) € Edge}, where
the transition relation . is given as

pe = {(v,v') € Vvar X Vyar | v € Sat(Guard,) and (v&1') € Sat(Reset,)}

with v & v € Vyg,ruvar such that (v @ v')(z) = v(x) for x € Var and
(v V) (a') =V (z) for 2’ € Var'.

m The set Act C Loc x Py, contains for each location [ € Loc exactly one
region (I,Act;) € Act whose second component is of the form
Act; = Ni_y @i + kjovert < o) A a) < x; + k,'PP°"t, defining the activities
X, € Ceo% ¢ ’
Act(l) = {f : R0 = Vvar | fa, € k{57 ;27" for all i € {1,...,n}}

where f;. : R>o — R with f;,(t) = f(¢)(z;) for all t € Rxo.
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Linear hybrid automata | (cont.)

m The set Inv C Loc x Py, contains for each location [ € Loc exactly one
region ([, Inv;) € Inv such that

Inv(l) = Sat(Inv;) .
m Init C Loc X @y, is a finite set of regions specifying the initial states by

mit="|J {(wv)]|ve Sat(p)}.

(l,p)€Init

Abraham - Hybrid Systems 10 / 31



Water-level monitor

y=10—z2:=0
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Mixer of fluids

0<l1<U1,0<lQ<U2,l§u<0,d>0,C>0

$1=0I2=O
201 — Ty = C l
lo

201 — Ty = —¢C

L la
I € [ll,ul]
T = 0

1 =0
Ty € [lg,Uz]
z1 + 22 < dA
21‘1 — I 2 0

T € [ll,ul]
To € [lQ,UQ]
r1 + x2 < dA

1 + x2 < dA
—c<2r;1—x2<c

2$1—I2§0

2%1*%22 2I1*I2=O
z=0 g
z1:=0 Tt =
X9 =0 *

& € [l,u
r1+x=4d -0 r1+xo=d
x:=d r=

x:=d

Abraham - Hybrid Systems
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Reminder: Semantics of hybrid automata

(lya,p,l") € Edge  (v,v')epn v € Inv(l')

Rule Discrete

(Lv) S (I',V)

fedAc(l) f(O)=v ft)=2

t>0 Vo<t <tf(t)eInv(l)
Rule Time

(Lv) 5 (1,0)

Abraham - Hybrid Systems 13 / 31



Forward analysis
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m Given a set of initial states Init C X, we want to compute the set of
all states which are reachable from Init:

Reach™ (Init) = {0’ € ¥ | 3o € Init. ¢ —* o'} .
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m Given a set of initial states Init C X, we want to compute the set of
all states which are reachable from Init:

Reach™ (Init) = {0’ € ¥ | 3o € Init. ¢ —* o'} .

m More specifically, we want to check whether the reachable region
intersects with a set of bad (unsafe) states.
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For

rd reachability analysis

method forward reach(

hybrid automaton representation H= (Loc, Var, Lab,Edge,Act,Inv, Init),
region set Pbd) {

//start from the time successors of initial regions
pPo .= T*(Init A Inv);
if (Sat(P° A PYd)+£() return unsafe;
i = 0;
while P #§ {

//compute Pl .= T+(D(P?))

L, +
Pl = T — &
for each (R=(l,¢) e P') { r’l > qz
for each e=(l,...,l') e Edge { A
R = T/ (D(R)); I
if (Sat({R'} A P*) £ () return unsafe; ¢ v
else if (not {IE/}QU;:OPJ') G :;'LG_
Pi+1 = Pi+1U{R/}; e
}
) J:w = <3
i = i+1; N T 2 S —3
} s
return safe;

}

Abraham - Hybrid Systems 16 / 31
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One-step reachability under

m We define the forward time closure 7,7 (¢) of a formula ¢ € ®yyq, at
l € Loc as
T (¢) = Fxpre. Tt. t > 0 A plzpre/ x| A Act)[Tpre, /2, 2’| A Inv,
m Region R = (I,¢) € Loc X @y, x P —ib X
9 AL Jus
T (R) = (LT (9)

m Set of regions P C Loc X ®yy,:

THP)=AT"(R) | R=(l,¢) € P}

Abraham - Hybrid Systems 17 / 31



One-step reachability under

m We define the postcondition D} (¢) of a formula ¢ € ® vy, with
respect to an edge e = (I, Guard.,Reset.,!’) as

D (p) = Ipre. [T pre/T|AGuarde [T pre/z] AReSEt [T pre, /2, '] AInV).
m Region R = (I,¢) € Loc X @y,
pre
X — X

DI(R)=('Di(9)) ¢ Ruek Innr

m Set of regions P C Loc X @y, s

D*(P)={D!(R) | R= (l,p) € P, e = (I,Guard,, Reset,,!') € Edge}

Abraham - Hybrid Systems 18 / 31
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Backward analysis
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m Given a set of target states B C ¥, we want to compute the set of all
states from which a state in B is reachable:

Reach™(B) ={oce€ X |30’ € B.oc —-* o'} .
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m Given a set of target states B C ¥, we want to compute the set of all
states from which a state in B is reachable:

Reach™(B) ={oce€ X |30’ € B.oc —-* o'} .

m More specifically, we want to check whether the set of backward
reachable states intersects with a set of initial states.
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Backward reachability analysis

method backward reach() {
i = 0;
PO = {77 (R)|R=(l,p) € P*AInv}; //time predec. of bad regions
if (Sat(P° A Init)+#0) return unsafe;

while P #0 {
//compute time predecessors of
//discrete predecessors of all regions from P° 2
for each (R=(l,¢) € P") { 4 Youn

for each e=(l,...,l) € Edge { Tocwe
R = T, (D (R));
if (Sat({R'} N Init)#0) return unsafe;
else if (not {R'} C Ui, P’)

pitl .= Pi+1U{R/};

return safe;

}

Abraham - Hybrid Systems 21 /31



One-step reachability under

m We define the backward time closure 7, (¢) of a formula ¢ € ®y,, at
l € Loc as

T, (@) = xpos. Ft. t > 0 A plxpost/x] A Acti[z, Zpost/T, ') A Invy .

m Region R = (I,¢) € Loc X @y, +
% — )(Pod:
T (R) =T (9) Jus At

m Set of regions P C Loc X ®yy,:

T (P)={T (R) | R=(l,¢) € P}

Abraham - Hybrid Systems 22 /31



One-step reachability under

m We define the precondition D, () of a formula ¢ € ®yy,, with respect
to an edge e = (I, Guard,,Reset,, ') as

D, (@) = Fxpost. @[Tpost/] A Guard, A Resete[x, Zpost/, x/] A Invy.

m Region R = (I';¢) € Loc X @y,

S x()w(‘

D.(R) = (,D.(¥)) gawo( Resek ™

m Set of regions P C Loc X @y,

D (P)={D.(R)|R= (I',p) € P, e = (I,Guard,, Reset,,!') € Edge}

Abraham - Hybrid Systems 23 /31
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Quantifier elimination

m Problem 1: Formula size increases steeply

m Problem 2: In the presence of quantifiers, computing operations
(inclusion, intersection etc.) on regions is non-trivial

m Solution: Therefore, we eliminate quantifiers: given a conjunctive
linear formula 3x. ¢ € ®x, we compute another conjunctive linear
formula ¢’ € ®x\(,) that does not contain x such that

Sat(Fz. ) = Sat(¢’) .

m Technique: GauB and Fourier-Motzkin variable elimination

Abraham - Hybrid Systems 24 /31



Linear real arithmetic: GauR method for equations

m Assume that ¢ is of the form 3z,,. " A 1 ay - o = b with a,, # 0.
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Linear real arithmetic: GauR method for equations

m Assume that ¢ is of the form 3z,,. " A 1 ay - o = b with a,, # 0.

= ap-xy, = b-— Z ag - Tk
ke{l,...,n—1}
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Linear real arithmetic: GauR method for equations

m Assume that ¢ is of the form 3z,,. " A 1 ay - o = b with a,, # 0.

= ap-xy, = b-— Z ag - Tk
ke{l,...,n—1}
b ag
" oke{l,.n-1} "
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Linear real arithmetic: GauR method for equations

m Assume that ¢ is of the form 3z,,. " A 1 ay - o = b with a,, # 0.

= Qp - Ty = b — Z ap - Tk
ke{l,...,n—1}
b ag
" oke{l,.n-1} "

m Replace z,, by 8 in ¢".
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Linear real arithmetic: GauR method for equations

m Assume that ¢ is of the form 3z,,. " A 1 ay - o = b with a,, # 0.

= ap-xy, = b-— Z ag - Tk
ke{l,...,n—1}
b ag
a a
" oke{l,.n-1} "

m Replace z,, by 8 in ¢".
m This substitutiton leads to an equisatisfiable problem in n — 1 variables:

Sat(Fwn. @' A ar-zp=b) = Sat(¢"[B/xa]) (for an #0).
k=1

Abraham - Hybrid Systems 25 / 31
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m Discovered in 1826 by Fourier, re-discovered by Motzkin in 1936
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m For a variable z,,, we can partition the constraints according to the coefficient
ip -
m a;, > 0: upper bound 3; on z,,
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Linear real arithmetic: Fourier-Motzkin for inequalities

m Discovered in 1826 by Fourier, re-discovered by Motzkin in 1936

Hxn. /\ Z Q5T S bi

I<ism1<j<n

m Given:

m For a variable z,,, we can partition the constraints according to the coefficient
ip -
m a;, > 0: upper bound 3; on z,,
m a;, < 0: lower bound 3; on z,

m |dea: Exists satisfying value for variable x; iff none of the intervals defined by
lower-upper-bound-pairs on z; is empty



Linear real arithmetic: Fourier-Motzkin for inequalities

m Discovered in 1826 by Fourier, re-discovered by Motzkin in 1936

Hxn. /\ Z Q5T S bi

I<ism1<j<n

m Given:

m For a variable z,,, we can partition the constraints according to the coefficient
ip -
m a;, > 0: upper bound 3; on z,,
m a;, < 0: lower bound 3; on z,

m |dea: Exists satisfying value for variable x; iff none of the intervals defined by
lower-upper-bound-pairs on z; is empty
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Linear real arithmetic: Fourier-Motzkin for inequalities

m Discovered in 1826 by Fourier, re-discovered by Motzkin in 1936

Hxn. /\ Z Q5T S bi

I<ism1<j<n

m Given:

m For a variable z,,, we can partition the constraints according to the coefficient
ip -
m a;, > 0: upper bound 3; on z,,
m a;, < 0: lower bound 3; on z,

m |dea: Exists satisfying value for variable x; iff none of the intervals defined by

lower-upper-bound-pairs on z; is empty
n—1

n
d Jaijw; <bi = amcan < bi— Y ai-x;
=1 =1



Linear real arithmetic: Fourier-Motzkin for inequalities

m Discovered in 1826 by Fourier, re-discovered by Motzkin in 1936

Hxn. /\ Z Q5T S bi

I<ism1<j<n

m Given:

m For a variable z,,, we can partition the constraints according to the coefficient
ip -
m a;, > 0: upper bound 3; on z,,
m a;, < 0: lower bound 3; on z,

m |dea: Exists satisfying value for variable x; iff none of the intervals defined by
lower-upper-bound-pairs on z; is empty

n n—1 L £x & VN
daiap<bi = amcan < bi— Y ay -, L
j=1 j=1
b n—1 4 s “
50 . Wis
(a) “=° 2, < <~ — Zi -x; =:f; upper bound
Qin, — Qin
J=1
by “=a
<0 , .
b "= oz, > — -y <.z, =6, lowerbound
Qin =1 Ain
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Example for upper and lower bounds

Category for x17

(1) X1 — T2 S 0

(2) Tr1 — T3 < 0

(3) —x1+ 220+ 223 <0
(4) —xI3 S -1
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Example for upper and lower bounds

Category for x17

(1) z1—22<0 Upper bound
(2) x1—23<0 Upper bound
(3) —x1+ 220+ 223 <0

(4) —xI3 S —1
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Example for upper and lower bounds

Category for x17

(1) z1—22<0 Upper bound
(2) x1—23<0 Upper bound
(3) —x1+x2+2x3<0 Lower bound
(4) —xI3 S —1
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Example for upper and lower bounds

Category for x17

(1) z1—22<0 Upper bound
(2) x1—23<0 Upper bound
(3) —x1+x2+2x3<0 Lower bound
(4) —xI3 S —1
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Eliminating unbounded variables

m Iteratively remove variables that are not bounded in both ways
(and all the constraints that use them).

m The new problem has a solution iff the old problem has one!

8r > Ty
r > 3
y = z
z > 10
20 > =z
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Eliminating unbounded variables

m Iteratively remove variables that are not bounded in both ways
(and all the constraints that use them).

m The new problem has a solution iff the old problem has one!

Sp—>—Fy—

|

)
z

20

10

VIV IV
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Eliminating unbounded variables

m Iteratively remove variables that are not bounded in both ways
(and all the constraints that use them).

m The new problem has a solution iff the old problem has one!

Sp—>—Fy—

——=>—3 y =2 z
y > oz — z > 10
z > 10 20 > =z
20 > =z
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Eliminating unbounded variables

m Iteratively remove variables that are not bounded in both ways
(and all the constraints that use them).

m The new problem has a solution iff the old problem has one!

S—>—Fy—
——=>—3 —y—=z
y = z — z > 10
z > 10 20 > =z
20 > =z
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Eliminating unbounded variables

m Iteratively remove variables that are not bounded in both ways
(and all the constraints that use them).

m The new problem has a solution iff the old problem has one!

Sp—>—Fy—
—_——3 —

- - >
Yy > oz —  z > 10 —>23;i0
z > 10 20 > =z -
20 > =z
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Fourier-Motzkin variable elimination

m For each pair of a lower bound 3; and an upper bound 3, we have

Bl S Ly, S ﬁu
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Fourier-Motzkin variable elimination

m For each pair of a lower bound 3; and an upper bound 3, we have

Bl S Ly, S ﬁu

m For each such pair, add the constraint

B < B
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Fourier-Motzkin: Example

Category for 217

(1) z1—22<0

(2) Tr1 — I3 < 0

(3) —z1+x2+223<0
(4) —XI3 < -1
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Fourier-Motzkin: Example

Category for 217

(1) z1—22<0 Upper bound
(2) x1—23<0 Upper bound
(3) —z1+x2+223<0 Lower bound
(4) —z3<-1

eliminate z;
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Category for 217
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Fourier-Motzkin: Example

Category for 217

(1) z1—22<0 Upper bound
(2) x1—23<0 Upper bound
(3) —z1+x2+223<0 Lower bound
(4) —XI3 S -1

eliminate z;
(5) 2z3<0 (from 1,3)
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Fourier-Motzkin: Example

Category for 217

(1) 0
1G] LT LY S O
(D) Ia)
Z) LT LF = U
(2 | L9 0N
\\I} Wl 1 ol/A 1 Hol/é _ A\
(4) —w3< -1
eliminate z;
(5) 223<0 (from 1,3)
(6) xo+x3<0 (from 2,3)
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(1) 0

) LT LT =0U

(29 0

153 LT XTI~ ="U

(23 ! ) 0

IS} LT T L2 T a3 = U

(4) —z3< -1 Lower bound

eliminate z;

(5) 2z3<0 (from 1,3) Upper bound
(6) xo+x3<0 (from 2,3)  Upper bound

we eliminate 3
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Fourier-Motzkin: Example

Category for 217

(1) 0

) LT LT =0U

(29 0

(23 ! ) 0

IS} LT T L2 T a3 = U

(4) —x3< -1 Lower bound
eliminate z;

(5) 2z3<0 (from 1,3) Upper bound

(6) xo+x3<0 (from 2,3)  Upper bound
we eliminate 3

(1) 1<0 (from 4,5)

— Contradiction (the system is UNSAT)
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Complexity

m Worst-case complexity:

m — m?
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Complexity

m Worst-case complexity:
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m— m? = (m?)? - ... > m¥
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Complexity

m Worst-case complexity:

2

m — m? — (m?)? 2z

m Heavy!
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