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Theory of Hybrid Systems i

Modeling and Analysis of Hybrid Systems

Series 5

Exercise 1

A gas burner is a device to generate a flame to heat up products using a gaseous fuel.
We assume there is a gas burner, such that

(a) any leakage of it can be detected and stopped within 1 second,
(b) it does not leak initially, and

(c) it never leaks for at least 30 seconds after a leakage has been stopped.
The gas burner records the cumulative leakage time [ and the total elapsed time g.

(1) Please model the gas burner by a hybrid automaton and try to keep it as simple as
possible.

(2) Is it possible to have a (cumulative) 2-second leakage time in 70 seconds? If so,
please give a sample execution.
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Solution:

1. The gas burner can be modeled by the following hybrid automaton. It contains

a;:c>30,c:=0

~Q o
Il Il I
Oo%

3 clocks, the local clock ¢, the global time g and the cummulative leak time [.

2. Yes, it is possible. We give one example execution as follows.

(Lo, (30,0,0)) > (£, (30,0,0)) % (¢1,(0,0,0)) = (&1, (1,1,1)) % (£, (0,1,1))
22 (0o, (32,33,1)) B (41, (0,33,1)) = (61, (1,34,2)) B3 (4o, (0,34,2)) 2 (£, (36, 70,2))

Exercise 2

a) Give a hybrid automaton model for the ith car (¢ > 1) in the following highway car
platoon:

e The car ¢ has velocity v;.

e If the ith car’s distance dist; to the (i—1)st car ahead is at least d > 0 then
the car accelerates (accelerate;, acc;) constantly with an acceleration 0; = ¢q,
c1 > 0, as long as dist; remains at least d.

e If the ith car’s distance dist; to the (i—1)st car ahead is at most d then the car
brakes (brake;, brake;) constantly with negative acceleration 0; = —ca, ¢3 > 0,
as long as its velocity is non-negative and dist; remains at most d.

Initially our car is standing (v; = 0) dist; > d meters away from its predecessor and
is in the accelerating mode. The velocity of the predecessor car is v;_;.

Solution:




b)

idle

dZStz = Vi—1 — U;

dist < d

brake;

U = —C
dist; = v;_1 — v;

dZStZ =Vij—1 — VU;

dist; > d v; > OAdist; < d

accelerate;

What happens, when eventually dist; = d holds?

Solution:

The car ¢ can constantly switch between its two locations infinitely often in finite
(even zero) time. This behavior is called Zeno-behavior.

For safety reasons, the car company has decided to introduce a controller for a
breaking light, which is (of course) synchronized to the car’s behavior and enables
the breaking light one second longer (hysteresis) than the braking process of the car.
Give a hybrid automaton model for this controller, which makes use of the synchro-
nization labels accelerate and brake from the previous tasks and where the location
labels reflect the state of the breaking light (i.e. light,_,light, . ,light_..).

on’ hyst’

Solution:




accelerate, ¢ == 0

Exercise 3

Charlie Brown walks his dog Snoopy every day the same way:

e Both leave the house next to each other and start their walk.

e As Charlie (C) is thinking about important things (the girl with the red hair), he
walks with continuous pace v..

e Curious Snoopy (S) is less steady and thus changes his pace between —v, and vy,
while 0 < v, < vg holds.

e The leach has only a length of 2 meters. Whenever Snoopy is left behind 2 meters,
Charlie waits until Snoopy closes up to him and both continue the walk.

Please give a linear hybrid automaton of type I, which models the position S and C' of
Snoopy and Charlie respectively.

Solution: The linear hybrid automaton which models the position of Charlie and Snoopy
can be specified as follows:




C+S8=-2

walk \/_\( wait )
C = Ve C =0
C'=5=0— S € [—vs, v S € [—vs, v
\—2§C—S§2)\/\—2§C—S§2)
cC=S5

Exercise 4

We consider a vehicle platoon, where two cars are driving with speeds &; € [l,ul,i €
{1,2},0 < I < u on a road, such that the 1 car is in front of the 2" car. The
goal is to keep the distance between two cars above some constant dyp > 0. When the
distance is at its boundary dy, the rear car brakes, which limits its speed to the interval
Ty € [lmin,1],0 < Ly < I. Additionally we utilize a second constant d; > dy > 0 to
prolong the braking process until this target distance d; is reached. Initially the goal
condition is satisfied.

Note that both transitions are urgent transitions, which means that they are taken as
soon as they are enabled.

A linear hybrid automaton I model of the above system is given as follows:

1 — Ty = dg
drive /m—n\ brake

11.'1 S [Z,U} jﬁ'l S [Z,U]
To € [l,u} Tg € [lmmal]

t
2 — x> dy | | g < dy
. J . J

$1—5E2=d1

N

Ty —xe > dy —

a) Please calculate the forward time closure as presented in the lecture.

Solution:

a) We use the algorithm presented in the lecture, where e; = (lp, 2] — 25" = dy,x =




P Ny =yP 1y) and ey = (I, 2" — 28 =dy, x = 2P Ny =y y):

Py ={(lo, By,), (lh, &)}
R} =T, (Prmit N Pino)
=T, (21 — x5 > dy)
=3t 32" Fh. 2™ — 28 > do At > 0N
o <l u-t Az >l + 1A
Ty < 2Bt u-t Awg > b +1-tA
T1 — Ty > dy

FA) 34 307 ¢ > A

oy <l +u-tANxy >+ 1A
To—u-t<xo—Il-tANxg—u-t <zl —doN
Ty — Ty > dy

F2)34 4> oA

To—u-t+dy<zy—1-tA
v —u-t<zy—1-tA
To—u-t<x9—1-tA

T — T > dy

(Fi/[')fﬂl — &y > dp

R?1 :TzT<SOIm‘t N Q) = false
Py ={(lo, &y,), (i, By,)}
Ry, =T, (D (Rg))
R} =T (32 Ah™.
" — b > do Nl — 2 =do Nwy =2 ANy = ah Al —ay < dy)

:7}—1"_(1’1 — T9 = d() /\.171 — X9 S dl)




R} =3t. 37" 325, t > OA
BT — 2™ _ oA
o <V tu-tAxy >l 1A
o <2V H 1Lt ANxg > 2b + L - A
T — T2 < dy
=3t. 321", t > 0N
oy <l tu-t ANz >+ 1A
o <&l —do+1-t Nxg > 20" —do+ Lipin - tA
Ty —x9 < dy
=3t. 32"t > OA
rp—u-t <al AN <ap— 1A
To+do—1-t <2V A2V < xo+ dy — linin - tA

T — 22 < dy

23 ¢ > on
zi—u-t<zy—l-tAz;—u-t<zo+dy—lpn 1t
ANxo+dy—1-t<m—1-tANxgdy—1-t <o+ dy— lypin -1
ANy — 29 < dy

=3t. t > 0A
T1 — Xy — do

<tAx—w22>do Ny — a0 < dy
U_lmin

F.M.
7L )2171—552 > do Ny — 19 < dy
2 !
R =T, (DS (R}))
=T, (327" 325" A
dggxl—@/\xl—m Sdl/\
=l =diNey =2 Ney =2 ANy — 29 > dp)
:T'l—li_(d() §$1—$2A$1—$2 Sdl/\l‘l —ZL'QZdl)
:Tflr(ﬂ?l —x9=d;) C R?O

Reachable set: R U R

Exercise 5

Consider the following linear hybrid automaton I:




We define P; as follows:

Py = {Ro}
RO = (607'7;:?/:0)
P, = DY(T*(Pi))

fori > 0,01 € {lo,l1 },e € {eg, e1}. Please compute Ps.

Solution.:
The set R; where ¢ > 0 is the reachable set of the linear hybrid automaton after ¢ many
jumps, and Py is the set of initial regions. We compute P, = {R;} as follows.

s(@=0Ay=0))

R, = D} (T,
= KO,DJ“(EItEpr’"eEIyW t>0N2=0NAY" =0Ay =y Ao =2+t ANz —y<3))
Dey(
D

NN N TN TN
[
o

G t>0Ny=0Nzx=tANx<3))
r>0ANy=0Az<3))
51,1:20Ay—0/\1:§3/\y§2)
li,e>0ANy=0Az <3)

The set P, = {Ry} can be computed similarly.

Ry = (,DF (T (x>0Ay=0A2<3

e1\" 1

— (€4, D (33277 3P, £ > 0 AaP™ > 0 AP = 0 AP < 3N
r=a+tANy=y"+t Ny <2))

= (01, DE (3327 £ > O A 2P > 0 A 2P < 3A
r=xP+tANy=tANy<2))

= ((1,DF (TP y > 0AzP* > 0N 2P <3Nz =aP" +y Ay < 2))

= (L, D{(y>20Ne —y>0Ae—y <3Ny <2))




Exercise 6

100km - .
SO0km p---——\---—"-"-‘----+--—--L-—— ¥ L ;liiil:llllf'
__Stream
BOKkm, Fressmessdnemninnanhnnasdennadannafanas SRR
= o
L e o ]
0 — T 50km 80km 100km

A group of pupils is stranded on an island after their airplane crashed (cf. "The lord
of the flies", William Golding 1954). They want to send a bottle message to get res-
cued. The strongest of them (Jack) throws the bottle into the stream (starting po-
sition of the bottle: (0,0)) at the island, which is quite slow (modelled by location
island _stream). Near the coastline, the stream speeds up and changes direction (loca-
tion coastline _stream). If the bottle can reach the small area northeast (see drawing),
where a military ship is located, the pupils have a chance to be rescued.

50 <z < 100 A
y = 50

1sland _stream ) /—\/ coastline _stream )
s = OA T € [4.5;6] T € [—10; —4]
y = 0 — y =3 y = 10
0 <z < 100A 50 < x <100 A
L 0 <y <50 ) \50§y§100

a) Please use the forward analysis algorithm presented in the lecture to check, whether
there exists a possibility of a rescue (that means, determine whether the state
(coastline _stream,80 < x < 100 A 80 < y < 100) can be reached).




b) Please sketch the reachable area in the map.

Solution:

a) We apply forward analysis, as presented in the lecture, using the following notations:

lo = island__stream
ly = -coastline stream
Init = {(lp,z=0Ay=0)}
Inv = {(lmggx/\x < 100N 0 <y Ay <50,
(l1,§0§xAx§ 100AB0<yAy < 109)}
Act = {(lp,z+45t <N <x+6tAY =y+3t),
(l,r =10t <2/ ANa' <ax— 4t ANy =y +10t)}
Pt = {(1,80 <z Aw <100 A80 < y Ay < 100)}
=:pbad

Furthermore we use e to denote the only transition in the system:

e:=(10,50 <z Az <100Ay =502 =Ny =yl).

v~
d —.preset
::(pguar _‘SDE




P° =T*(Init N Inv)
:T+({(l0,gc:0/\y:Q/\O§x/\$§ 100/\O§yAy§5Q)})

-~

Inity, Invy,
=T"({(lo,z =0y =0)})
T
={(lo, T;; (z =0Ay =0))}
e

={(lo, 3t 3™ |[ 3y | 0 < t A[a?" = 0] A [y = 0]A
R

P+ ASt <z Nw < aP 6t Ay =y" + 3TN

~~
ACtlo [xpre YPTe ,x,y/m,y,x/,y’]

0<aAz<100A0<yAy <50

Invl0

elim.zPT,yPTe

=" {(lo,[3t] 0<tAABt <z AT <6tA[y=3t|A0<z AT <100A0<yAy<50)}

elim.t

1 1 1
= {(l0,0§gy/\4.5-§y§x/\x§6-gy/\OSx/\xS100/\0§y/\y§50)}

={(lo, 15y <2z Az <2yN0<zAz<100N0<yAy<50)}
POﬁPbadZQ

R::(lo,\l.Bygx/\xg2y/\0§x/\x§100/\0§y/\y§5Q)

-

::(,DR

R =(l, D ("))

N v

15" < o™ AP < 2P A0 < 2P A a? <100 A0 < P Ay < 50 A

pR[xpre yrre [y

50 < &7 A 2™ < 100 A ™" = 50 A

vV
pguerd[grre ypre /o y)

x = 2P| A y:ypre A
SO'é‘eset[xpre7yp?::’x7y/x’y’x/7yl}
50< 2z Az <100A50 <yAy< 109)

Invl1

elim.xPT¢ yPTe

= (l1,75§xAx§100Ay:5Q)

::@R/




R" =, T} (¢™))

=(lr,3t. 3", EATS < @™ Aot < 100 Ay = 0]

4

R’/ pn:,pre
@ [zpre,yPre /3,y

2P —10t <z Az <P —dt ANy =y + 10t A

-~

l-\c‘tl1

§O§x/\x§100/\50§y/\y§10@

~
Invl1

(1, 3T 0 < EATE < 2P A 2P < 100A
2P —10t <z ANz <P —4t ANy =50+ 10tA
50 <x Az <100A50 <yAy <100)

clim2P"* (11,- 0<tATH < x4+ 10t Az + 4t < 100N
y=s0+ 1)
50 <z Az <100A50 <yAy<100)
"E1,125 <z +y Az 404y <120A50 <z Az <100 A50 < y Ay < 100)

N~
1/
:;(pR

{R"YAP ™ £ () iff Fo.Ty.
125<a2+yNe+04y <120AN50 <z Az <100A50 <y Ay < 100A

~~
"
SOR

§O§x/\x§100/\80§y/\y§10Q

~~
SDbad

—32]|3y. 125 <z +y Az + 0.4y < 1207
80 <2z Az <100A80 <y Ay <100

eLrm.x 1
L 25 <y Ay <100A85 <yAS0<yAy <100

=Ty |80 <y Ay < 100

TV e — {R}l}ﬁpbad £ ()

Thus there exists a possibility of a rescue.




b) We can use the previously computed constraints to visualize the reachable state
space:
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