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Virtual substitution

m Is an existential quantifier elimination procedure:
Ixg .. 3’ = Ixg..Ixg1d),
where ¢, 1’ quantifier free and Ixy ... 3x," = Ixg ... Ixy_1¢".

m Restricted in the degree of the variable to eliminate:

p(x) ~ 0 constraint of ¢ = degree of x in p(x) must be < 2.

Virtual substitution

Virtual substitution constructs a finite set T C R of test candidates with

Ixg...3x, ¢ = Ixg...Ixe \/ o'[t]/x].
teT
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Construction of the set of test candidates

g(x):=ax®+bx+c
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Construction of the set of test candidates

Given: A constraint p~0. (p=ax*+bx+c, ~€{=,<,>,<,>,#}).

The finite endpoints of its non-empty solution intervals are the zeros of p:

Linear in x : X()ng Jif a=0 A b#0
, . _bir/b2— .
Quadratic in x, first solution: X1 = % Jif a#0 A b?2—4ac>0
—b— 2 _
Quadratic in x, second solution: x3 = % Jif a#0 A b?>—4ac>0

All possible non-empty solution intervals for x in p ~ 0:

constraints ‘ possible solution intervals (0 < i, j <2, i # j)
p=20 [xi, xi] (=00, o)
p<0 p>0](—o00, xi) (xi, x5)  (xi, 00) (=00, o0)
p#0 (—o0, xi) (xi, o) (=00, o0)

p< 0 p= 0 —00, Xi] [Xi7 Xi] [Xf7 XJ] [Xi7 OO) (7007 OO)
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Construction of the set of test candidates

m Consider we have two constraints:

pt~*0 and p?~20.

When do they both hold?
If the intersection of their solution intervals is not empty!
Then the intersection consists of at least one non-empty interval.

The interval's endpoints are endpoints of the intersected intervals.
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Construction of the set of test candidates

We search for a value fullfilling several constraints.

Idea: We check only the "smallest value' in the constraints’ solution
spaces, respectively.

m We know ..

m .. that the solution space of all constraints together is a set of intervals.
m .. the endpoints of these intervals.
m Hence, the 'smallest value' in a constraint’s solution space is
m either a left endpoint of an left closed interval
m or a left endpoint of an left opened interval plus an infinitesimal.
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Construction of the set of test candidates

Idea: We check only the 'smallest value’ in the constraints’ solution
spaces, respectively.

The constraints provide finitely many test candidates:
mp=0 p<0, p=>0
Zeros of the polynomial p
—oo  (:= sufficient small value)
mp<0, p>0 p#0
Zeros of the polynomial p plus an infinitesimal ¢

H —~

m Example: xy +1<0
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Construction of the set of test candidates

Example: y-x?>4+z-x>0

m The finite endpoints are: xg = x; = 0 and x» = —5.

m The possible solution intervals are:
Case ‘ Solution interval ‘ Side condition
Constant | (—oo0, o0) y=z=0
Linear (—o0, 0] or [0, o) y=0Az#0
Quadratic | (—oo, 0] or [0, c0) y#0 A Z2>0
Quadratic | (—oo0, —£]or [-2, c0) | y #0 A >0

m The test candidates are:
Test candidate ‘ Side condition

—00 none
0 y=0Az#0
0 y#0
-z y#0
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Construction of the set of test candidates

Example:  3Jydx: (y=0V y2+1<0) A x—3<0 A xy+1<0

Test candidates

eliminate x l
\

Jy: ((y:OVy2+1<0)/\x73§0/\xy+1<0)[7oo//le
v ((y=0V y24+1<0) A x—3<0 A xy+1<0)3/5] )
V(y#0 A ((y=0V y?’+1<0) A x=3<0 A xy+1<0)[~y+¢//x] [)

eliminate y

Side condition
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Substitution of a variable by a test candidate in a constraint

m Standard substitution — expressions with ¢, oo, V or division.

m Virtual Substitution defines rules, which give an equivalent FO

sentence over (R, +,-,0,1, <) to the expression resulting by the above
standard substitution.

m The substitution rules distinguish between
m the constraint’s relation symbol
m the test candidate’s type (—oo, +e, contains \/)
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Substitution of a variable by a test candidate in a constraint

(g(x) = 0)[ T2/ /x]

Example:

Result: (F=0AG=0)V(F#A0AGF <O0AG>—?t=0),
where g, 7, and § are polynomials.

Explanation:

Substitute x by ﬁ%ﬁ in g = 0 in the common way.
Transform the result to %r‘/{ = 0 where g, 7, and § are polynomials
(always possible, proof exercise)
Compare:
P=0 A &

PAO A T
& PAO A PGS0 A
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Substitution of a variable by a test candidate in a constraint

Example:  (g(x) < 0)[e +¢//x]

Result:
gle//x] <0vgle//x]=0Ang'[e/x] <OVgle//x] =0Ag'[e/)x] =0Ag"[e//x] <O
Case 1 Case 2 Case 3
Explanation:
g(x) X) g(x)
f A X N X J/g\ X
Case 1 Case 2 Case 3
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Virtual substitution: Example

Iy ((xy—1=0 V y—x>0) A y>—-1<0)
Eliminate y:

1. Test candidate: —oco

Ax( ( (v =1 =10)[-00//y]
Vo (y=x=0)[-00//y] )
A (Y2 =1<0)[-oo//y] )

1. Test candidate: —oo

Ix( ( (x=0A —1=0)

VA _ 0, 0
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Virtual substitution: Example

3x (((x > OFalse A x — x2 > 0) V (x < 0True A x — x? <
0True)) A 1 — x? < 0True A x # 0True)

Eliminate x:

1. Test candidate: —oo

(x > 0)[~00//x]
= (1<0V (1=0A0>0)
= False

1. Test candidate: —oo

(x < 0)[-00//x]
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Complexity

We consider in the following the elimination of one existential quantifier
(existentially quantified variable):

Ixg...3x, ¢ = Ixg..Ixea \/ o't/ /x].
teT

m Degree of a remaining variable x;, 1 < i < n, in ¢/, i.e. D(x;, ¢):

D(xi, \/ ¢'It//x]) € O(6D(x;, ¢) —8)

teT

m Number of atoms in ¢/, i.e. at(¢'):

at(\/ #'t//x]) € O(8at(¥) + at(')(8 + 63at(¢")))
teT
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