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Linear terms, constraints and formulas

m A linear term e over a set Var of variables is of the form
ex=clc-xz|e+te

where = € Var is a variable and ¢ stays for an integer (rational)
constant.
Example: z1 4 29 + 53 is a linear term over Var = {x1,z2,z3}.

m A linear constraint ¢ over Var is an (in)equality
tu=e~0

with ~€ {>,>,=,< <} and e a linear term over Var.

Example: x1 4+ 222 + (—2) > 0 is a linear constraint over
Var = {x1,22}. We sometimes deviate from this normal form and
write, e.g., T1 + 2z > 2.
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Linear terms, constraints and formulas

m A conjunctive linear formula ¢ over Var is defined by the following

grammar:
pu=t|eANp| Iz @

with ¢ a linear constraint over Var and © € Var a variable. Let @y be
the set of all conjunctive linear formulas with free (non-quantified)
variables from X C Var.
Example: 3t. Jx1. x1 > 0Nz} = 21+ 2t At > 0 is a conjunctive linear
formula over {x1,),t}, with free (non-quantified) variables {2 }.

m A region over Var is a pair (I,¢) € Loc X @y, of a location and a
conjunctive linear formula with free variables from Var.
Example: (I,3t. 3x1. 21 > 0N 2} =21 + 2t At > 0) is a region over
{z1}.

m We will use the intersection of two sets P, P, C Loc X ® vy, of
regions, defined as

PlﬁPQZ{(lv(Pl/\(PQ) ’ (la()ol) €P17(17()02) GPQ}'



Substitution

m Assume a set Var of variables, a linear formula ¢ € &y, over Var, a
variable x € Var, and a linear term e over Var. The substitution
©le/x] replaces each free occurrence of z in ¢ by e.

Example: (z+2y <0)[5/y]=2+2-5<0
Example: (Jy. z+2y <0)[5/y] =2+ 2y <0
m We also write pleq, ..., e,/x1,. .., 2z, instead of pler/z1] ... [en/xn].

m For Var = {x1,...,x,} we will also use a primed variable set
Var' = {2},...,z},} and write short ¢[Var’/ Var] for
play/zi]. . [z, /zn].

Abraham - Hybrid Systems 5/ 22



Linear terms, constraints and formulas

The semantics of linear terms, constraints and formulas over

Var = {x1,...,z,} in the context of a valuation v € Vy,, (i.e.,

v: Var — R) is as usual (we use the same notation for the syntax and the
semantics of constants and operators):

v(c) = ¢ CcT b=
v(c-x) = c-v(x)

vieg+e) = viep)+rv(e)

vie~0) = v(e)~0

V(901 ANp2) = v(p1) and v(p2)

v(dxz. p) = existsv € R such that v(p[v/x]) holds
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Linear terms, constraints and formulas

The solution set Sat(y) of a linear formula ¢ over Var is the set of all
valuations v € Vyy,, that make ¢ true:

Sat(p) = {v € Vyur | v(p) holds}

The solution set Sat((l,¢)) of a region (I, ¢) € Loc x ®y,, over Loc and
Var is

Sat((l,)) ={(l,v) € Loc x Vya, | v(¢) holds}

Two region sets Py, P, C Loc x ®yy,, are equivalent, written P =D, iff

U Sat(R U Sat(R

RePy ReP>

We define similarly the inclusion P, C P iff

U Sat(R) < | ) Sat(R)

ReP; RePs
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Linear hybrid automata |

A linear hybrid automaton is a hybrid automata
‘H = (Loc, Var, Lab, Edge, Act, Inv, Init) with the following restrictions:

m Edges e = (I, 1, I') are represented as (I, 02", oreset 1) with

0" € @y, and oreset € @y var, Where the transition relation

e IS given as:
tte = {(, V) € Vyar x Vi | v € Sat(p%) and (v@r') € Sat(™*)}

where (v @ V') (z) = v(z) for z € Var and (v @ V') (2') = V/(z) for
2’ € Var'
m For each location [ € Loc, the activities are specified by a conjunctive

linear formula of the form
Act; = N\ i+ klloi“’”t < a@f A < xp + k)PPt defining

Act(l) = {f : R0 = Vvar | f € [™ K]} .
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Linear hybrid automata

m Each invariant Inv(l) is defined by a Inv; € @y, as
Inv(l) ={v € Vi, | v € Sat(Inv;)} .

m The initial states Init are specified by a finite set Init C Loc x @y,
of regions as

mit=|J {(Lv)|veSat(p)}.

(I,p)EInit
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Water-level monitor

y=10—z2:=0
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Mixer of fluids

0<11<U1, 0 <l < uo, ZSUSO, d>07 c>0

331:01’220

201 — X9 = ¢ 201 — X9 = —¢C

Iy
1 =0
Ty € [l27U2]

r1 + 20 < dA
2I1—I220

lo
I € [ll, ul]
Ty € [12, Ug]

r1 + x9 < dA
—c<2r;—x3<c

la

I € [ll,ul]
Ty = 0

r1 + 22 < dA
211—I2S0

21’1*1’22 21’1*1’2:0
=0
IQ‘:O =
l3
z € [l
r1+x2=d 30 |w 1 +x0=4d
T :=d = .. r:=d
(-‘1»1.,»0>
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Reminder: Semantics of hybrid automata

(lya,p,l") € Edge  (v,v')epn v € Inv(l')

Rule piscrete

(Lv) S (I',V)

fedetl) JO)=v fO)=1" w5 [(6) ¢ Juule)

t>0 Vo<t <t.f(t)e Inv
Rule Tipe

(Lv) 5 (1,0)
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Forward analysis
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m Given a set if initial states Init C 3, we want to compute the set of
all states which are reachable from Init:

Reach™ (Init) = {0’ € ¥ | 3o € Init. ¢ —* o'} .
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m Given a set if initial states Init C 3, we want to compute the set of
all states which are reachable from Init:

Reach™ (Init) = {0’ € ¥ | 3o € Init. ¢ —* o'} .

m More specifically, we want to check whether the reachable region
intersects with a set of bad (unsafe) states.
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Forward reachability analysis

method forward reach () { . ® wmsad if won-ply
i = 0: n Jug ikrsedkon m K Sad
C§% = {T"(R)|R=(l,p) € Init}; //time successors of initial
while P, #0 {
//compute time successors of
//discrete successors of all regions from P;
for each (R=(,¢9)eP;) {
for each e=(l,-,-,l') €Edge {
R = T,/ (D(R));
if ({R'}NPhed=£))
return unsafe;
else if (not {R}C Uj=o 1)
Py = P U{R'};
}
¥
i = i+1;
}

return safe;
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One-step reachability under

m We define the foxrw‘ird t)i(me closure 7,% () of a formula ¢ € ® vy, at
l € Loc as v‘m.—>L vV

T (¢) = Fxpre. Tt. t > 0 A plzpre/x| A Act)[Tpre, /2, 2’| A Inv;
m Region R = (I,¢) € Loc X @y,
TP (R) = (L, T," ()
m Set of regions P C Loc X @y,

THP)=AT"(R) | R=(l,¢) € P}
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One-step reachability under

m We define the postcondition D} (¢) of a formula ¢ € @y, with

respect to an edge e = (I, 8“2 preset [) as

D! () = rpre. Plpre/ 7| N [2pre/ ] A 0L [ reD) 7., 2]

- V. M,
m Region R = (I, ¢) € Loc X @y,

D (R) = (I',Di ()
m Set of regions P C Loc X @y,

D*(P)={D}(R) | R=(l,p) € P, e = (I, pd"¥ ore*! |') ¢ Edge}
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Backward analysis
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m Given a set if target states B C ¥, we want to compute the set of all
states from which a state in B is reachable:

Reach™(B) ={oce€ X |30’ € B.oc —-* o'} .
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m Given a set if target states B C ¥, we want to compute the set of all
states from which a state in B is reachable:

Reach™(B) ={oce€ X |30’ € B.oc —-* o'} .

m More specifically, we want to check whether the set of backward
reachable states intersects with a set of initial states.
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Backward reachability analysis

me'thod gackward_reach() { 3 4 e dorec . mdh Tk
i = 0;
Py = {7;’(R)|R:(l7go)€Pb“d}¢; //time predec. of bad regions
while P, #0 {
//compute time predecessors of
//discrete predecessors of all regions from P,
for each (R=(,¢9)eP) {
for each e=(l,-,-,l) €Edge {
R = T, (D (R));
if ({R'}NInit#0)
return unsafe;
else if (not {R}C Uj=o )
Py = P U{R'};
}
¥
i = i+1;
}

return safe;
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One-step reachability under

= X = Xpoyt
(4 P
-Q ) v VPOI‘

¢

—

m We define the backward time closure 7, (¢) of a formula ¢ € ®y,, at
l € Loc as

72_(90) = Jpost. Ft. t > O A ‘P[xpost/x] N Acty[z, xpost/xv 113/] A Invy .
m Region R = (I,¢) € Loc X @y,
T (R) = (T, (9)
m Set of regions P C Loc X @y,

T (P)={T (R) | R=(l,¢) € P}
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One-step reachability under

m We define the precondition D () of a formula ¢ € ® vy, with respect
to an edge e = (I, pE"* preset [') as

guard reset [

/
A @i x, Xpost/ T, '] A Invy.

Dg( ) = EIl'post ‘P[xpost/x] A5
m Region R = (I';p) € Loc x Dy,
D, (R) = (I,D. (¢))

m Set of regions P C Loc X @y,

D (P)={D.(R)|R=(I'.¢) € P, e = (I, "™, o[, l') € Edge}
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